We introduce a generalized gravitational conformal invariance in the context of noncompactified 5D Kaluza-Klein thoery. It is done by assuming the 4D metric to be dependent on the extra non-compactified dimension. It is then shown that if this dependence is weak over an absolute cosmological scale, we can naturally approximate the scalar field with its background cosmological value. This leads to the breakdown of conformal invariance in 4D, giving Einstein equation, and a clear explanation for a small cosmological constant. Relevant interpretations of the results are also dicussed.
Introduction
The theory of conformal invariance has been playing a particularly important role in the investigation of gravitational models since Weyl, who introduced the notion of conformal rescaling of the metric tensor. Afterwards, it was promoted to the conformal transformations in scalartensor theories, in which another transformation on the scalar field was required to represent the conformal invariance in modern gravitational models. There is an open possibility that the gravitational coupling of matter may have its origin in an invariance breaking effect of this conformal invariance. Infact, since the ordinary coupling of matter to gravity is a dimensional coupling (mediated by the gravitational constant), the local conformal transformations which could change the strength of this dimensional coupling, by affecting the local standards of length and time, are expected to play a key role. In a system which includes matter, conformal invariance requires the vanishing of the trace of the stress tensor in the absence of dimensional parameters. However, in the presence of dimensional parameters, the conformal invariance can be also established for a large class of theories [1] if the dimensional parameters are conformally transformed according to their dimensions. One general feature of conformally invariant theories is, therefore, the presence of varying dimensional coupling constants. In particular, one can say that the introduction of a constant dimensional parameter into a conformally-invariant theory breaks the conformal invariance in the sense that a preferred conformal frame is singled out, namely that in which the dimensional parameters have the assumed (constant) configuration. The determination of the corresponding preferred conformal frame depends on the nature of the problem at hand. In a conformally-invariant gravitational model, the symmetry breaking may be considered as a cosmological effect. This means that one breaks the conformal symmetry by defining a preferred conformal frame in terms of the large-scale characteristics of cosmic matter distributed in a universe with finite scale factor R 0 . In this way, the breakdown of conformal symmetry becomes a framework in which one can look for the origin of the gravitational coupling of matter, both classical [2] and quantum [3] , at large cosmological scales.
The purpose of this paper is to show that one may look for the origins of both conformal invariance and its breakdown, leading to gravitational couplings, in a 5-dimensional KaluzaKlein type gravity theory [6] . In this popular non-compactified approach to Kaluza-Klein gravity, the gravitational field is unified with its source through a new type of 5D manifold in which space and time are augmented by an extra non-compactified dimension which induces 4D matter. This theory basically involves writing the Einstein field equations with matter as a subset of the Kaluza-Klein field equations without matter [6] , a procedure which is guaranteed by an old theorem of differential geometry due to Campbell [8] .
We show that in the context of pure geometry theory, i.e.R AB = 0 in 5D, one may find a generalized conformally-invariant gravitational model. The well-known conformally-invariant model of Deser [2] in 4D is shown to be a special case when we drop the dependence of the 4D metric on the extra dimension. Moreover, we show that the breakdown of conformal invariance which was introduced in [2] by an ad hoc non-conformal invariant term inserted into the action naturally emerges here by i) assuming a weak (cosmological) dependence of the 4D metric on the 5th dimension 1 and ii) approximating the scalar field with its cosmological background value using the well-known cosmological coincidence usually refered to Mach or Wheeler.
This geometric approach to the subject of conformal invariance and its breakdown in gravitational models accounts properly for coupling of the gravitational field with its source in 5D gravity. It also gives a clear explanation for the origin of a small effective cosmological constant emerging from non-compactified extra dimension. This subject is the most recent interest in theories with large extra dimensions [4] .
The paper is organized as follows: In section 2, we briefly review the conformal invariant gravitational model and its breakdown in 4 dimensions due to Deser [2] . In section 3, we introduce a generalized conformal invariant gravitational model in 5 dimensions. In section 4, we study the breakdown of conformal invariance in 5 dimensions and discuss on some relevant interpretations. The paper ends with a conclusion.
Breakdown of conformal invariance in 4D
In this section we briefly revisit the standard work in 4D conformal invariance due to Deser [2] . Consider the action functional
which describes a system consisting of a real scalar field φ non-minimally coupled to gravity through the scalar curvature R. Variations with respect to φ and g αβ lead to the equations
where
g αβ R is the Einstein tensor and
with ∇ α denoting the covariant derivative. Taking the trace of (3) gives
which is consistent with equation (2) . This is a consequence of the conformal symmetry of action (1) under the conformal transformations
where the conformal factor Ω(x) is an arbitrary, positive and smooth function of space-time. Adding a matter source S m independent of φ to the action (1) in the form
yields the field equations
where T αβ is the matter energy-momentum tensor. The following algebraic requirement
then emerges as a consequence of comparing the trace of (9) with (8) which implies that only traceless matter can couple consistently to such gravity models. We may break the conformal symmetry by adding a dimensional mass term -
, with µ being a constant mass parameter, to the action (7) . This leads to the field equations
and we obtain as a result of comparing the trace of (12) with (11)
Now, the basic input is to consider the invariance breaking as a cosmological effect. This would mean that one may take µ −1 as the length scale characterizing the typical size of the universe R 0 and T as the average density of the large scale distribution of matter ∼ MR
0 , where M is the mass of the universe. This leads, as a consequence of (13) to the estimation of the constant background value of φφ
where the well-known empirical cosmological relation G N M/R 0 ∼ 1 (due to Mach or Wheeler) has been used. In order to well-justify the results we will approximate the correspondencē
G N . This estimation for the constant background value of the scalar field is usually considered in Brans-Dicke type scalar-tensor gravity theories. Inserting this background value of φ into the field equations (12) leads to the following set of Einstein equations
with a correct coupling constant 8πG N , and a term 3µ 2 which is interpreted as an effective cosmological constant Λ of the order of R −2 0 . The field equation (11) forφ contains no new information. This is because it is not an independent equation, namely it is the trace of Einstein equations (15). One may easily check that using 2φ = 0 andT = µ 2φ2 , equation (11) and the trace of equation (15) R + µ 2 = 0.
5D gravity and generalized conformal invariance
The experimental evidences for Newton's 1/r 2 law and general relativity imply preciesly that we live in four non-compact dimensions. Additional dimensions, if exist, should be compact or very small in consistency with the short distance tests of gravity. This statement relies on the assumption that the metric of the space time is independent of the extra dimensions. However, the story can changes drastically if this assumption is violated. Then, we can live in 4+n non-compact dimensions, in complete consistency with experimental tests of gravity. The out come of this new theory is: if gravity itself is somehow trapped to our 3-brane, then 4D gravity can be reproduced even if the extra dimensions are infinitely large [4] . This theory has recently been of particular interest in gravitational models [5] . In these models it is usual to confine the gravity and the matter inside the 4D part of the higher dimensional manifold. For example, in [5] the solution to Einstein field equations, restricted by Poincare symmetry in 4D, was derived for n = 1
where l is the large non-compactified extra dimensional coordinate and k is a scale of the order of the Planck scale. In this regard we may consider, in this work, a metric tensor in 5D
where capital Latin indices A, B, ... run over 0, 1, 2, 3, 4 , Greek indices α, β, ... run over 0, 1, 2, 3 and five dimensional quantities are denoted by hats. A constant G is also introduced to leave Gφ 2 dimensionless. The 5D worldline element is written
Structurally, the presence of the term Gφ 2 makes a little difference between (18) and (16). However, as will be shown below (Eq.(33)), in the broken phase of the conformal invariance this term disappears and the metric (18) will have the same structure as in (16), without scalar field term. The corresponding Christoffel symbols are obtained
whereĝ αβ = Gφ 2 g αβ . The 5D Ricci tensor can be written in terms of the 4D one plus other termsR
The field equationsR AB = 0 then give
where an overdot denotes differentiation with respect to 5th coordinate l ( see [7] ). Equation 
Combining equations (21) and (24) we obtain the Einstein-like equations with Einstein tensor G αβ in the left hand side and some terms of scalar field together with 4D metric and their covariant derivatives in the right hand side as follows
and
It is easy to show that the tensor τ αβ in equation (26) is exactly the same one in equation (4) . We will use this correspondence throughout the paper especially to show that the conformal invariance appeared in 4D introduced in the previous section may be identified with a conformal invariance in higher dimensional geometry. The field equation for the scalar field may be obtained by contracting equation (25) with g αβ orĝ αβ
We notice that equation (28) has a dynamical mass parameter
Gφ 2 T with the dimension of (mass)
2 . In the presence of dimensional parameters, the conformal invariance can be established for a large class of theories [1] if the dimensional parameters are conformally transformed according to their dimensions. In this regard, equation (28), although modified by the mass term compared to (5), but is still invariant under the generalized conformal transformations
This is simply because the 5D metric (17) is invariant under the above conformal transformations. Obviously, the following combination
is invariant under (29) due to the invariance of the metricĝ αβ . Therefore, equation (25) (29) as well, regardless of which metric is used to contraction since the right hand side is zero. Note that although the initial l-independent scalar field φ transforms to an l-dependent oneφ, but the l-depentent function Ω −1 (x, l) will not appear in the transformed scalar field equation because the metric also transforms in such a way that the function Ω −1 (x, l) is factored out throughout the transformed equation rendering the initial scalar field equation. Therefore, by pure 5D approach we are able to introduce a generalized conformal invariant gravitational model defined by equations (25), (28) and (29) subject to the subsidiary equations (22) and (23).
Breakdown of conformal invariance in 5D
Now, we are in a position to compare equations (28), (25) with the corresponding equations (11), (12). By this comparison it turns out that we are able to revisit the breakdown of conformal invariance in 4D by a 5D approach since we have derived the field equations similar to the ones in broken phase of conformal invariance in 4D. The advantage of 5D approach to the one introduced in [2] is that there is no need to put by hand a non-conformal invariant term into the conformal invariant system leading to its breakdown. In 5D approach, the role of ad hoc non-conformal invariant term is played in two reasonable steps: 1) the 4D metric is assumed to be dependent on 5th dimension; this leads to a conformally invariant mass term (28), 2) by assuming this dependence to be weak over a preferred absolute cosmological scale the conformal invariance is then broken and the right coupling and cosmological constants are naturally emerged.
To this end, we take a dimensional analysis. The dimension of T αβ or T will no doubt be (length) −2 . Now, we assumeġ αβ ∼ 1 R 0 which fixes a very slow variation of g αβ over the absolute cosmological scale R 0 . This assumption breaksdown the conformal invariance since it means that we have fixed our standard of lenght by the scale of the universe 2 . Then a direct comparison of equation (28) with (11) turns out that T may be identified with 12µ 2 and that Gφ 2 ∼ 1. Now, we put the above identification into the Einstein-like equation (25). We have
which, when compared with equation (13), leads to the identification
which is the desired result in the context of induced matter theory since the matter energymomentum tensor T αβ is dynamically induced by the scalar field φ and higher dimension, namely T αβ . Taking the trace of (31) we find
which by taking T = 12µ 2 we obtain the equation (13). Now, we can rationally discuss on the background valueφ through cosmological considerations since we have already fixed T (or µ 2 ) by cosmological considerations, namely T ∼ R −2 0 . Thus, we find as before (see Eq. (14) and the following discussion )φ
which identifies G with G N such that Gφ 2 ≈ 1. If we now insert this constant background valueφ −2 into equation (30) and use (31) we find
in whichT
Equation (34) is the well-known Einstein equation in the broken phase of conformal invariance with a correct cosmological constant Λ = 3µ 2 in the left hand side and a right coupling of matter to gravity in the right hand side. The scalar field equation (28) is the trace of Einstein equations, so its information is already included in them (see the discussion in section 2).
The power of 5D approach in comparison to Deser's model now manifests in three ways: 1) it relates the current upper bound value of the cosmological constant Λ ∼ R −2 0 to a geometric phenomenon in which the cosmological constant is effectively 3 generated by the very slow variation of 4D metric with respect to 5th dimension 4 . 2) it unifies the origins of the matter and the cosmological constant in that they appear as the two manifestations of higher dimensional effect. In this way, the cosmological coincidence G N M/R 0 ∼ 1 may be also explained by this unification since one may easily rewrite this coincidence in the form G NT R 2 0 ∼ T Λ −1 ∼ 1 which reflects the pure 5th dimensional origin of this well-known cosmological coincidence. 3) the traditional Einstein equation (34) may alternatively be written in its pure geometric form
3 The cosmological constant Λ = 3µ 2 is effective in the sense that it is generated by a definite mechanism with observable effect in 4D. 4 In a most recent work of Arkani-Hamed et al [4] , a small effective cosmological constant is emerged from a large extra dimension in a non-compactified approach to 5D Kaluza-Klein gravity. Also, in a compactified model of Kaluza-Klein cosmology [10] , smallness of the cosmological constant is related to smallness of the compactified dimension. Therefore, it seems that the subject of cosmological constant in higher dimensional (at least in 5D) models is inevitably involved with extra dimension.
in which the coupling constant G N is removed from theory. To say, although the Einstein tensor G αβ couples to the matter by G N but the matter itself couples by G −1 N to the geometry T αβ (35) and so the coupling G N is removed. In this level, the appearance of G N in the traditional Einstein equation seems to be a mathematical tool only for dimensional consistency. However, in the physical level equations (34) and (35) exhibit an interesting phenomenon, with varying G N , in that if G N decreases with time leading to a weakly coupling of gravity G αβ to the matterT αβ (34), the matter itself will then be coupled strongly to the hidden geometry T αβ (35). Regarding the present small value of G N we find an strong coupling of matterT αβ to the higher dimensional geometry T αβ . This strong coupling may account for non-observability of the 5th dimension. In other words, the effects of 5th dimension may be hidden behind this strong coupling and what we observe as matter is the manifestation of a weak effect of 5th dimension which is strengthened by a strong coupling G −1 N . This means that going back in time in G N varying scenarios we will encounter with an era G N ∼ 1 in whichT αβ may decouple from T αβ leading to a naked geometry of 5th dimension without the concept of matter as indicated in Eq.(36). In conclusion it may be said that the two equations (34) and (35) define dual weak-strong regimes in 5D approach to coupling constants and that equation (35) defines a dual-Einstein equation coupling matter to higher dimension.
It is worth noting that the conformal invariance in 4D may be easily recovered in this 5D approach by restricting the 4D metric g αβ to be independent of 5th dimension (simply by assuming Kaluza-Klein compactification condition for higher dimension). The relevant field equations in this choice are
where by taking the trace of (37) and combining it with (37) we obtain the conformal invariant equations (2) and (3). The origin of this conformal invariance in 4D turns out to be the invariance of the 4D part of 5D metriĉ
under the conformal transformations (6).
Conclusion
A key feature of any fundamental theory consistent with a given symmetry is that its breakdown would lead to effects which can have various manifestations of physical importance. Therefore, in the case of conformal symmetry in gravitational models, one would expect that the corresponding cosmological invariance breaking would have important effects generating the gravitational coupling and the cosmological constant. In this paper we have introduced a generalized conformally-invariant gravitational model of 5D gravity theoryR AB = 0, with 4D part that is dependent on the extra dimension. The conformal invariance in 4D then becomes a special case when we take the 4D metric to be independent of the extra dimension. Moreover, we have shown that the cosmological breakdown of conformal symmetry in a conformally-invariant gravitational model in 4D may be naturally derived in this context if we assume a weak (cosmological) dependence of the 4D metric on the higher dimension and use the cosmological coincidence due to Mach or Wheeler to approximate the scalar field by its cosmological background value. This approach to the issue of couplings and parameters in gravity yeilds the following remarkable results: A natural interpretation for the small effective cosmological constant Λ, an underlying geometric structure of matter, and an interpretation for the cosmological coincidence. Moreover, a dual coupling G −1 N is introduced by which the matter couples strongly to the geometric effects of higher dimension through a dual Einstein equation and non-observability of higher dimension is then justified.
It is also worth noting to some other prevailing features of 5D approach in comparison to Deser's model. The squared mass µ 2 taken by Deser is a bare mass term. We know from QFT that the quantum effects may yeild contributions of the order of M 4 P (M P is the Planck mass) to the bare squared mass in obtaining an effective cosmological constant. This hierarchy in the mass scale gives rise to the well-known cosmological constant problem. Therefore, Deser's model is potentially involved with this problem. This is because the model bigins with an action functional having an initial bare quantity (µ 2 ) whose value is estimated (without a clear justification) to be small of the order of R −2 0 and finally it is simply interpreted as an effective cosmological constant in Einstein equation without considering the hierarchy problem in the mass scales. In the present 5D approach, however, the cosmological constant problem is not so manifest, because we do not concern with such a bare mass term to produce the cosmological constant, rather a quantity is effectively generated through a pure geometric way corresponding to the extra dimension and then we interpret it as an effective cosmological constant. The smallness of this quantity is well-justified by a natural assumption that the variation of 4D metric with respect to 5th dimension is small in a good agreement with the present tests of general relativity.
We also mention to another advantage of the 5D conformal invariance. In Deser's model the conformal symmetry is broken once a constant mass term is introduced. However, in 5D approach the appearence of a dynamical mass term not only does not break the symmetry but also preserves a generalized conformal symmetry. This generalized symmetry is broken when we take a preferred conformal frame by introducing an absolute length scale R 0 througḣ g αβ ∼ R −1 0 . In other words, what we call the conformal invariance in Deser's model is not really a conformal invariance; it is just scale invariance which is a special case of conformal invariance. This is beacause the dimensional constant mass term could not transform conformally 5 . There is a natural question in the context of induced matter theory about its possible connection to quantum theory. This is because we could induce the matter geometrically from the 5th dimension whereas we know the matter has a underlying quantum structure. Therefore, it deserves to pay attention to this issue. First, it is well-known that the existence of a dimensional gravitational constant G N is the main source of non-renormalizability of quantum gravity. On the other hand, the quantum theory approach to the traditional Einstein equation suffers from the problem that the left hand side is geometry and the right hand side is the matter. Equation (36), however, as a pure geometric Einstein equation is free of G N .
Moreover, both sides of this equation has the geometric structure. Perhaps, it is helpful to study the 4D quantum gravity in this pure geometric 5D approach. Second, in a study of 4D conformal invariance in QFT in [3] , the following equation like our scalar field equation (28) is obtained 2 − 1 6 + φ −2 S α α {ω} φ = 0 in which S α α {ω} is the trace of the tensor S αβ {ω} describing the distribution of matter due to local quantum effects. It is therefore very appealing to think about how the higher dimensional effects in 5D may play the role of quantum effects in 4D.
